Abstract. We present a model of solid tumor growth which can account for several stages of tumorigenesis, from the early avascular phase to the angiogenesis driven proliferation. The model combines several previously identified components in a consistent framework, including neoplastic tissue growth, blood and oxygen transport, and angiogenic sprouting. First experiments with the framework and comparisons with observations made on solid tumors in vivo illustrate the plausibility of the approach. Explanations of several experimental observations are naturally provided by the model. To the best of our knowledge this is the first report of a model coupling tumor growth and angiogenesis.
Introduction
Modeling of tumor development including angiogenesis is of great clinical relevance, since it potentially can increase our understanding of the processes taking place and eventually allow predictions on reactions to external influences such as anti-angiogenic drugs. We present a new, consistent framework to simulate solid tumor growth from the early avascular phase to the later angiogenesis driven uncontrolled growth. First results demonstrate the plausibility of the model and its capability to account for various behaviors observed in real tumors.
The literature on cancer is enormous and we can only give a brief overview on the subject here. Tumor growth is characterized by a dangerous change in the control mechanisms, which normally maintain a balance between the rate of proliferation and the rate of apoptosis (controlled cell death). It is commonly believed that at the beginning of tumor development, the transformed cells proliferate and form a cluster which gradually increases in size. In this early phase, tumors growing in vivo tend to develop without a dedicated vascular network, relying on diffusion from the neighboring healthy vascularized tissue for the supply of oxygen and nutrients and the removal of wastes (e.g. CO 2 ). The diffusion principle is very inefficient though and eventually is not sufficient to support the developing neoplasm. Probably because of low oxygen tension the tumor cells and their neighbors start producing various signals, which cause a cascade of growth factors, so-called tumor angiogenesis growth factors. This triggers endothelial cells to multiply and migrate towards the tumor, thereby creating a specialized vascular network, which is able to provide the tumor with oxygen and nutrients, and remove wastes. This formation of a vascular system is called tumor-induced angiogenesis. The biological background on the transport mechanisms involved in solid tumor growth and their influence on the effectiveness on drug delivery is given by Jang et al. [1] . A good review of the role of angiogenesis in general is given by Carmeliet and Jain [2] .
In this paper we present a first attempt to create a model of a growing tumor. After giving an overview of previous approaches to simulate tumor development, we present our own simulation framework, which includes several major biophysical and bio-chemical processes in a completely coupled fashion.
Tumor Model Literature Overview
Methods to simulate tumor development have been extensively studied for the last three decades and a detailed overview of all the methods proposed so far is beyond the scope of this paper. A review of different models was presented by Araujo and McElwain [3] . We selectively group the most popular methods into mathematical models, cellular automata and finite element methods.
Diffusion models usually simulate the movement of tumor growth factors and nutrients by a diffusion process. An early example of a spherical tumor growth model based on the diffusion principle was proposed by Greenspan in 1976 [4] . This preliminary work addresses the very first phases of tumor growth, the so-called multi-cell spheroid stage, controlled by the availability of diffusing nutrients. More recent reports have associated diffusion models with the spread of infiltrating cells in metastatic tumors [5, 6] . Cellular automata have often been applied to model cell dynamics and also tumor development as a stochastic process. A very recent hybrid approach is described by Mallet and Pillis [7] . The authors present a model using cellular automata and partial differential equations to describe the interactions between a growing tumor next to a nutrient source and the immune system of the host organism. In general, such models are very interesting to study cellular metabolism and the temporal and spatial dynamics of tumor development. Typically, however, they do not address oxygen and nutrients delivery by means of explicitly modeled vascular systems, instead treating them in a rudimentary, implicit manner as (eventually evolving) concentration maps. Additionally, the important mechanical interactions between the tumor and healthy tissue are not included.
A bio-mechanical tissue growth model was employed by Davatzikos and coworkers [8, 9] using methods originating from structure mechanics. The growth was prescribed as a local expansion, mathematically resembling linear expansion due to temperature increase. Clatz et al. [10] extended this approach by a reaction-diffusion equation regulating cell movement, in order to simulate the mass-effect. A general treatment of elastic growth is given in [11] . In terms of tumor growth, the pre-strain should be related to the actual cell activity, e.g. the average number of inert, necrotic, apoptotic and proliferative cells, depending on various factors, such as the availability of oxygen and nutrients, etc. Although Wasserman et al. [12] proposed to explicitly address these dependencies of the mitotic rate in a unified framework, they eventually used a constant rate in their simulations, i.e. the growth rate was not coupled to any other processes.
Non-tumor and tumor-induced angiogenesis has been modeled by many authors. Apart from the above mentioned implicit representations (density maps), there have been several attempts to treat the evolving vascular systems explicitly. A group of approaches describe the formation of blood vessels by sprouting angiogenesis in response to chemical stimuli (e.g. [13, 14] ). In Plank and Sleeman [15] a non-lattice model was proposed to simulate sprouting angiogenesis. Compared to previous strategies, which restricted endothelial cell movement to the four directions of a Cartesian grid, they allow continuous directions, while still restricting their analysis to very simple domains (squares). In [16] we extended this approach to a 3D finite element model, embedded in a domain represented by a tetrahedral mesh.
Although several models of tumor-induced angiogenesis exist, there are only few papers, which model the coupling between angiogenesis and the growing tissue in both directions. The very recent work by Mackling et al. [17] is an exception in this respect, as it aims to address the coupling between the vascular blood supply and growth. Like its predecessors (e.g. [5] ) it does not, however, include any bio-mechanical aspects and treats the vasculature implicitly as an evolving density map. Many of the previously published models only integrate one specific aspect of tumor growth, e.g. pure expansion or angiogenesis in a static tissue domain with constant (non-evolving) distributions of growth factors. This paradigm should, however, be re-considered, since various phenomena at different scales are coupled and should be combined into a complete model framework.
Model Description
In this section we introduce the components of our simulation framework and explain how they are integrated into a consistent description of the involved biological phenomena. Our modeling starts at an early phase, representing the multi-cell spheroid stage. To initialize the pathology growth inside the hosting tissue, we place a small avascular ball inside a larger domain representing the healthy tissue. The domain is meshed using NETGEN [18] , while maintaining an interface separating the pathology from the healthy tissue. The following bio-physical and bio-chemical principles are included in our model:
1. Tissue grows as long as it receives sufficient oxygen, which is consumed continuously. 2. Oxygen diffuses from the healthy tissue, or from an explicitly modeled vessel into the tumor. 3. Low oxygen level (hypoxia) causes the production of tumor angiogenesis growth factors (TAF). 4. Endothelial cells proliferate and cause capillary sprouting (angiogenesis), in the direction of higher TAF concentration. This in turn improves the nutrient and oxygen supply to the tumor cell cluster.
The time scales at which the diffusion of molecules takes place (ns-s) and at which the cells proliferate (days) allows us to treat the processes in a quasistatic manner, i.e. at a given time step we compute a concentration map of oxygen given the sources and consumption by the tissue based on the actual tumor and vascular geometry.
In this first version of our tumor growth framework we are using a linear elasto-plastic expansion model. The growth process is relatively slow, therefore, we assume that over time the neighboring tissue will accommodate for the stretching by increased growth or cell migration. The expansive growth is prescribed by the pre-strain term 0 . In our implementation, the deformation in one iteration is independent of the stresses computed in the previous iteration. This constitutes an elasto-plastic growth law. In each simulation step we compute the new deformation caused by a volume expansion in the tumor domain using the finite element method (FEM). In a first approximation the volume expansion due to increased proliferation is
where N (t, x, θ) is the number of cells in a finite element at time t and position x. For a constant growth rate the strain is ∆t T2 , where T 2 is the cell population doubling time. The proliferation rate and, therefore, the number of cells depends on certain environmental factors θ such as oxygen availability. Based on descriptions in the literature [5] we have defined this dependency with the piece-wise linear function for 0 = ∆t T2 f (P O2 (t)), which depends on the oxygen partial pressure at time t. The function f (P O2 ) is depicted in Fig. 2 and relates the deviation from normal oxygen pressure ∆P O2 to the amount of growth. For values above the threshold h 1 the cells display a high proliferative potential, while this decreases with the availability of oxygen. Between h 1 and h 2 there is no growth since most of the cells are quiescent. Finally, for P O2 deviations below h 2 the cells cannot survive and become necrotic. Since the actual growth will also depend on the stress exerted by the non-proliferating surrounding tissue as it is deformed, the actual strain in the tumor will be smaller than the prescribed strain.
Oxygen originates from the blood which is transported by the vascular system. Our previous work on tumor-induced angiogenesis [16] described a method to compute the pressures and flow in a functional vessel network. We follow [16] in computing the pressures at the nodes connecting separate vessel elements (pipes) with Hagen-Poiseulle's law. The pressures can in turn be used to compute other relevant properties, such as the flow. In order to calculate the oxygen delivered by the vessels we need to accommodate the transport through the vessel wall, which depends on the transmural pressure and vessel wall thickness. By integrating over the surface of the vessels inside each tetrahedron of the tissue domain, we can estimate the total amount of oxygen delivered by the explicit vessel network.
Since we are mainly interested in the development of the tumor and not the healthy tissue, we have chosen to use a dual representation; on the one hand explicitly modeled vessels growing into the tumor, and on the other a postulated homogeneous source of oxygen from an implicit pre-existing regular vascular system in the healthy tissue. In the implicit representation oxygen diffuses into the tumor from the boundary. The problem can be stated as a reaction diffusion equation with constant boundary conditions at the tumor surface due to the homogeneous source of oxygen in the healthy tissue
where c is the oxygen partial pressure. The diffusion constant of oxygen in tissue is typically estimated at around D O2 = 1.5 · 10 [19] . The oxygen delivered by these two sources are added to obtain the total oxygen supply in the tumor and the neighboring tissue.
If oxygen levels are below a threshold, angiogenesis growth factors are produced by the affected cells. A prominent group of angiogenesis growth factors are the vascular endothelial growth factors (VEGF). Currently we treat the multitude of angiogenesis growth factors as a single generic growth factor. We set the threshold below which the tissue starts producing TAF to an oxygen partial pressure of h 2 (see above). Again, a diffusion equation similar to the one above is solved, with the hypoxic cell clusters (finite elements) as sources of TAF which diffuses into the neighboring tissue. For the TAF diffusion constant we use the estimated value for VEGF (D T AF = 1.0 · 10 −6 cm 2 s [20] ). Based on this quasi-stationary distribution of TAF we model the formation of capillaries by endothelial cell proliferation and migration as suggested in our previous work [16] . In this method, the growing vessel tree is treated explicitly by defining the dynamics of the vessel tips, which move as a consequence of diffusive (random) motility, directed motility along the gradient of the growth factors (convection) and inertial motility reducing the tendency to rapidly change direction. This model can account for the sprouting form of angiogenesis and is easily included into our framework. Specifically, it generates a network of pipes, necessary for the computation of the oxygen supply. Currently, we do not address the wall re-modeling in capillaries, e.g. due to shear stress.
Results
In this section we present an exemplary simulation of a developing solid tumor. Starting from a small avascular tumor of 0.8mm diameter, the simulation progresses in relatively small time steps (∆t/T 2 = 0.09). Figure 1 captures the morphology of the tumor, its neo-vascularization and some growth relevant physiological factors. Figure 1 a) depicts a slice through the tumor. The endothelial cell density, computed as the surface area of the vessel system in each tetrahedron element is shown. The TAF concentration shown in Fig. 1 b) is high in tumor regions, where the vasculature has not yet developed sufficiently. Finally, the vasculature in this time step is shown in Fig. 1 c) . It consists of more than 100'000 vessel segments. Additional images and animations of an in silico growing tumor can be found at: https://www.vision.ee.ethz.ch/ ∼ blloyd/miccai07
Discussion
We have investigated the dependency of the developing tumor on individual components of the framework. The growth of a tumor has been simulated with angiogenesis (the full model) and without angiogenesis, relying solely on diffusion. In the beginning it can be observed that both models grow approximately equally fast. However, when the critical mass is reached, the full model continues to grow, whereas the avascular model finally reaches a plateau. The volumetric growth of the diffusion model is very similar to a Gompertz growth curve [21] . Gompertzian growth has been used to describe the growth rate of solid avascular tumors and has been successfully applied in specific clinical applications [10] . In the second curve depicting the growth of the full model, there is a long phase of exponential growth, with a sudden change at t/T 2 ∼ = 4, at which point the gradient is reduced noticeably, before it again starts to grow exponentially. This effect can occur, if the vessels have grown such that they supply sufficient oxygen for the tissue to support its growth, turning off the angiogenic switch. Suddenly, however, the tumor reaches a size at which hypoxia levels pass a threshold and the angiogenic switch is turned on again. This effect must be further investigated in order to understand its relation to underlying model assumptions.
We found close similarities to different morphological observations on leiomyomas, which are the most common type of benign tumors affecting women above age 30. The vascularity generated is highly reminiscent to casts presented by [22] . Because of the tissue growth it tends to be compressed at the boundary of the tumor. This effect has been observed in real tumors and is referred to as the vascular capsule. We also could reproduce the migration of a myoma if the seed is placed closer to the surface. The tumor is effectively pressed out of the tissue, eventually forming an acute angle with the surface as often observed interoperatively.
Conclusion and Future Work
We have presented a framework to model tumor growth, including sprouting angiogenesis. Some of the major processes, i.e. chemical transport, mechanical deformation due to growth and the explicit development of a vascular system have been treated in a coupled way. First results demonstrate the feasibility of the approach.
We are, however, aware of the limitations of the current model. The description of tissue as elasto-plastic, allows us to simulate the growth with relatively small geometrical errors. However, it does not allow us to account for increased stress in grown tumors and the stress dependency of cell proliferation. For this reason a nonlinear hyperelastic model, including a treatment of residual stress, will be necessary. Since the time scale at which growth takes place is typically much larger than the time of viscoelastic relaxation, it is reasonable to assume that viscoelastic effects can be neglected for solid tumor growth. Several other extensions and improvements are planned, including vessel re-modeling due to shear stress, and a more detailed representation of the metabolic activity and treatment of individual growth factors. As part of an effort to validate our model, we will extend it to cover the development of malignant penetrating tumors. This will allow us to use existing animal models for validation by in vivo observations based on MR imaging.
